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5.1 Integer Dictionaries



Recall: Symbol table ADT

Java: java.util.Map<K,V>, C++: std:: (unordered )map
Symbol table / Dictionary / Map / Associative array / key-value store:

Python dict {k:v}
» put(k,v) Python dict: d[k] = v

] ﬁ:&‘:’:“‘;‘(j"" Put key-value pair (k, v) into table
::::l.lly adv u_.‘,',,',"' ~ > get(k) Python dict: d[k]
into déﬁgfx:’iﬁd's';ﬂ:ﬁ? / n ma Return value associated with key k
d‘fféit%gao?ydf-m dict. 2;; > delete(k)  Python dict: del d [k]
o zgll:a i:i:r?:ghe e Remove key k (any associated value) form table
di-  giving corresponding v, > contains(k)  Python dict: k in d
language. 2 reference Returns whether the table has a value for key k

ﬂnurn.u_




Recall: Symbol table ADT

Java: java.util.Map<K,V>, C++: std:: (unordered )map
Symbol table / Dictionary / Map / Associative array / key-value store:

Python dict {k:v}
» put(k,v) Python dict: d[k] = v

«

fvlatea

- Eenigvial ,(:‘\_‘. e Put key-value pair (k, ) into table
:—::nly adv. (Latyy, > get(k) Python dict: d[k]
into %ggg:iﬁd,s; J';(:l)(:‘ / n ma Return value associated with key k

d({lccttii%lf:‘aogd}co dict- g;ys » delete(k) Python dict: <‘iel d[k]
. zgﬁ i:i:r?gnfhe su. al RemO\./e key k (any associated value) form table
) di-  giving eon;arz?:dmg s » contains(k)  Python dict: k in d

mhncumm - rence Returns whether the table has a value for key k

- - ‘

Unlike before: Focus here on unordered case

> no rank-based queries
> values uninteresting

~~ summarize get and put as lookup (k)



Integer Dictionaries
For unsorted dictionaries, best solutions based on hashing.

» Whatever the actual objects we store, always apply a hash function first

~» Consider here directly (dynamic) sets of integers



Hash Tables

Notation
» universe U = [0..1) of allowed values
> universe size u = [U|, usually u = 2%
> 5 C U dynamic set of integers stored in our dictionary

» 1 =|S| current size of set, S = {x1,...,x,}



Hash Tables

Notation

» universe U = [0..1) of allowed values

> universe size u = [U|, usually u = 2%

> S C U dynamic set of integers stored in our dictionary
» 1 =|S| current size of set, S = {x1,...,x,}

» use hash table T[0..m) with m buckets

» hash function /2 : U — [0..m)

~ element x € U stored in T[/(x)]



Hash Tables

Notation

>

>
>
>

universe U = [0..u) of allowed values
universe size u = |U|, usually u = 2%
S € U dynamic set of integers stored in our dictionary

n = |S| current size of set, S = {x1,...,x,}

use hash table T[0..m) with m buckets

» hash function /2 : U — [0..m)

element x € U stored in T[/(x)]

in general: T[/(x)] may be a secondary data structure

» linked list ~~ chaining hashing

» sequence of positionsin T~ open-addressing hashing



Hash Tables

Notation

>

>
>
>

universe U = [0..u) of allowed values
universe size u = |U|, usually u = 2%
S € U dynamic set of integers stored in our dictionary

n = |S| current size of set, S = {x1,...,x,}

use hash table T[0..m) with m buckets

» hash function /2 : U — [0..m)

element x € U stored in T[/(x)]

in general: T[/(x)] may be a secondary data structure

» linked list ~~ chaining hashing

» sequence of positionsin T~ open-addressing hashing

if h(x) = h(y), we have a collision (between x and y)



Hashing must be randomized
Collisions are inevitable
» usually want S represented with O(n) space
~ m = 0(n) 2es QN 25 pempl b sl 894

> typically thus |U| =27 > m colriec for birkldays

~+ h must have many collisions ne LD
~+ For any fixed hash function /1, worst-case set S has many collisions

~ cannot have meaningful worst-case time bounds (even if typical case good)



Hashing must be randomized

Collisions are inevitable
» usually want S represented with O(n) space
~ m = O(n)
> typically thus |U| =27 > m
~+ h must have many collisions

~+ For any fixed hash function /1, worst-case set S has many collisions

~ cannot have meaningful worst-case time bounds (even if typical case good)

Randomized Hashing
» draw random h € H

~» running time expected over random choice, worst-case w.r.t. S
ﬂj{w‘h\ = U ﬁﬁw
» allowing all H = {h | h : U — [0..m)} requires y™ space ¥

~» must choose sufficiently small J



Universal Hashing

Many guarantees of varying strength studied for I . .. here only simplest needed

Definition 5.1 (Universal Family) foc £20y andow.

Let 3 be a set of hash functions from U to [m] and |U| > m.
Assume & € 3 is chosen uniformly at random.

D

Ea) Then K is called a c-universal if CJ hix) = U(Cw1)
Y ’ U 5 oE P h = h é —_ \
X1,%2 € X1 # X2 = [ (x1) (XZ)] m = Pl e, ‘—l/-(m\‘g = —

(b) H is called strongly universal or pairwise independent if

Vxl,xzeu,yl,yzeR X1 EFE X — P[h(xl)=y1/\h(xZ)=y2] < ﬁ



Examples of universal families

Universal families

@1 = {hab rae€[l.p),be [O..p)} (c @

> Hy = {hab :a€[0..p),bel O..p)} (c =4)

> J, = {h [1..2F), aodd} (c=2)
hap(x) = (a -x + b mod p) mod m p prime, p > m
ha(x) = (a - x mod 2k) div 2k u=2km=2"



What does universality buy us?

Lemma 5.2 (Universal collisions)

Consider hashing 7 keys x1, ..., x,, into m buckets using a random hash function / chosen

from a c-universal family of hash functions J{. Let C denote the number of pairwise

collisions, i.e., C = |{(z j):1<i<j<nAh(x;) x,)}|
cn T nZ
Then[E[C]<%. Cg(;} C 2 /ZJ-M z Ty

wN

Pl EIQ) = 2_ELH < (3) = IS s ey oS
h L¢caicn

= Theed=b6] E1CT- PUMG) =heey) €
h



What does universality buy us?

Lemma 5.2 (Universal collisions)
Consider hashing 7 keys x1, ..., x,, into m buckets using a random hash function / chosen
from a c-universal family of hash functions J{. Let C denote the number of pairwise
collisions, i.e., C = |{(z j):1<i<j<nAh(x;) x,)}|

2

cn

Then [E[C] < %
Lemma 5.3 (Universal bin size)

Consider the scenario of Lemma 5.2. Let X; = [T[j]| be the number of elements in bucket ;.
i(xo)

(@ E[Xmg] < 1+c~%

(b) Then[F"[maij > Voo —| <

1
m| — 2

! TED(WMSX = 4+ Z WY ¢ Lel-nr

J'rr'r‘

() Amy G Leek vo >j<\ e s/ IWF/@'*& /5) Pol s ﬂ-aagl'}yv'eu)
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5.2 Perfect Hashing



Perfect Hashing

A hash function & : [u] — [m] is called

» perfect foraset S = {x1,...,x,} C [u]if i # j implies h(x;) # h(x;)

» minimal forset S = {x1,...,x,} C[u]if m=n

’a}
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A hash function & : [u] — [m] is called

» perfect foraset S = {x1,...,x,} C [u]if i # j implies h(x;) # h(x;)
» minimal forset S = {x1,...,x,} C[u]if m=n

Perfect Hashing
» only possible for n < m

> stringent requirement ~ first focus on static § S



Perfect Hashing

A hash function & : [u] — [m] is called

» perfect foraset S = {x1,...,x,} C [u]if i # j implies h(x;) # h(x;)

» minimal forset S = {x1,...,x,} C[u]if m=n

Perfect Hashing

» only possible for n < m

> stringent requirement ~- first focus on static § $

» further requirements

1,

Hash function must be fast to evaluate (ideally O(1) time)

2. Hash function must be small to store (ideally O(1) words of spacg) o clyo. eZocs - &C4) v d $
B
4. should be fast to compute given S?ideally O(n) time)

Have small m (ideally m = ©(n))\



Fredman-Komlds-Szemeredi Scheme

Theorem 5.4 (FKS Static Perfect Hashing)

Given a c-universal family of hash functions H and a static set S, we can construct in O(n)

UETIL I S,
expected time a perfect hash function /2 : S — [m] with m = O(n) and evaluation time O(f)
for t the time to evaluate functions in K.

(tortl vitianced  faibe frow bfore . ol guod propasies Rlpead! )



Step 1: Simple, but space inefficient

Wlat # bockels do
n Q\xai wa =
[o\‘nr‘\(f\gqt/ Pc,<<fo~,(

z_av_g \t( v =

Houcle by = wn (m}
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i

wol ek

\Y)
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=
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hed pofed WL good prb. 7
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Step 2: Two-tier solution

()

R 2

C\Ammgl {\L\zﬂ f)u!‘“l\ W = X

4

QQW 6C1) Ln'egl eack (,7(? (;q,dgpc#

s .= aV\ (Lli["w
h, *U - fo. W,) 1(\2 (K\ ovrall bl Pocclion

oveluclion freee L4 +X(2)

Spacs lbosbels = = T m = T X
Chotad speca Olniwa))

Pmlv,mk e=4 ouwlercal

11
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S % \nz |
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SEl) - 2

Agt;\( @Ci) EZ‘(\P_GLL‘G& E‘ﬁ/f?j( C‘MC{ \Ai 'L,,.‘Hﬁ wa £ S'Vl

For eacl budlel, 0) axpibd biar fudy porkecd G wrbh o= X oAl



5.3 Dynamic Perfect Hashing

11



Dietzfelbinger et al. Scheme

Theorem 5.5 (Dynamic Perfect Hashing)
Dynamic perfect hashing stores a subset S C [0..2”) of 7 integers in a randomized data

structure supporting O(1) worst-case Lookup, O(1) expected amortized time insert and
delete and uses O(1n) words of space.

E Dietzfelbinger, Karlin, Mehlhorn, Meyer auf der Heide, Rohnert, Tarjan:

Dynamic Perfect Hashing: Upper and Lower Bounds, SICOMP 1994

Note: This assumes that w is the word size, so that there are universal hash families with O(1)
evaluation time for the integers we store.

C@MC{F}UD\QQI/ ' ? L(S QOU’L W/ i@u%}@/w\g erayj “A'wujlﬁeué‘

12
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° {\Aq,;:( x

procedure Insert(x);
count « count +1;
if count > M

en
RehashAll(x);
else
J e h(x);
if position /;(x) of subtable T} contains x
then
if x is marked “deleted” then remove this tag;
else (i x is new for W; %)
by < b+ 1;
ifh; <m;
then (x size of 7; sufficient x)
if position ;(x) of T is empty
then
store x in position A; (x) of Tj;

'°§o through the subtable 7}, put all elements
not marked “deleted” into a list L;, and
‘mark all positions of 7; empty;
append x to list Lj; b; < length of Ly
repeat h; — randomly chosen function in H,,
until A, is injective on the elements of list L;;
for all y on list L; store y in position /;(y) of Tj;
else (+ 7; is too small %)
mj =2 max{l,m;}; s; < 2m;(m; = 1);
if condition (2.3) is still satisfied
then (x double capacity of 7; )

allocate new space, namely s; cells, for new subtable 7:

go through old subtable 7;, put all elements
not marked “deleted” into a list L,
and mark all positions empty;
append x to list L;; b; < length of L;;
repeat h; « randomly chosen function in H,,
until 4 is injective on the elements of list L;;
for all y on list L; store y in position A;(y) of Ty;
else (+ level-1-function h “bad” %)
RehashAll(x);

procedure RehashAll(x);
(% RehashAll is either called by Insert with a parameter x € U,
or by Delete or Initialize without parameters. RehashAll builds a
new table for all elements currently in the table (plus x, if given). *)
20 through the whole table 7', put all elements not tagged “deleted”
into a list L, count them, and mark all positions in 7" “empty";
if x € U then append x to L;
count <« length of list L;
M « (1 + ¢) - max{count, 4};
repeat / « randomly chosen function in Hs(y;
forall j,0 < j < s(M),doformalist L; of all x € L with h(x) = j;
forall j,0 < j < s(M), do
by < length of list Lj; my «2-by; s; < 2m(m; — 1);
until condition (2.3) is satisfied;
forall j,0 < j < s(M), do
allocate space s; for sublable Tj;
repeat ;< randomly chosen function in 4y,
until h; is injective on the elements of list Z;;
for all x on list L; do store x in position h;(x) of 7j;

procedure Delete(x);

count < count + 1

J e h(x):

if position /1;(x) of subtable 7; contains x
then mark x as “deleted”
else return(x is not a member of S);

if count = M
then (i start new phase *)

RehashAl();

procedure Lookup(x);
J < hxy;
if position &, (x) of subtable 7} contains x (not marked “deleted”)
then return(x is a member of §”)
else return(*x is not a member of §”);

procedure Initialize;
T <« an empty table;
RehashAll();
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Dynamic Perfect Hashing — Discussion
[ﬁ) Strongest possible guarantee for lookup
[{b All operations in O(1) is clearly optimal (even though expected amortized)

~~ (almost) perfect dictionary?
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Dynamic Perfect Hashing — Discussion

[ﬁ) Strongest possible guarantee for lookup
[{b All operations in O(1) is clearly optimal (even though expected amortized)

~~ (almost) perfect dictionary?

[@ Main downside (of hashing generally): No sorted-dictionary operations

13



5.4 Binary Tries
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Recall: Ordered symbol tables

On top of updates and lookup, we have

» min(), max()
Return the smallest resp. largest key in the ST

» floor(x) (a.k.a. predecessor(x)) lx] = Z.floor(x)
Return largest key k in ST with k < x.

» ceiling(x) (a.k.a. successor(x))
Return smallest key k in ST with k > x.

» rank(x)
Return the number of keys k in ST k < x.

» select (i)
Return the ith smallest key in ST (zero-based, i.e., i € [0..1))

14



Sorted Dictionaries of Integers

As we will see at the end of this section, not much can be done for sorted integer dictionaries!

Fredman-Saks bound (informal version):

Maintaining a dynamic set of integers with rank or select queries
requires Q(Ig n/1glg n) time per operation.

~ Up to the Iglg n factor, BSTs are best possible even for integers

15
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Fredman-Saks bound (informal version):

Maintaining a dynamic set of integers with rank or select queries
requires Q(Ig n/1glg n) time per operation.

~ Up to the Iglg n factor, BSTs are best possible even for integers

Surprisingly, the story shifts without rank and select!
» Consider here updates and floor a.k.a. predecessor

> Adding ceiling a.k.a. successor trivial (by symmetry)
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Sorted Dictionaries of Integers

As we will see at the end of this section, not much can be done for sorted integer dictionaries!

Fredman-Saks bound (informal version):

Maintaining a dynamic set of integers with rank or select queries
requires Q(Ig n/1glg n) time per operation.

~ Up to the Iglg n factor, BSTs are best possible even for integers

Surprisingly, the story shifts without rank and select!
» Consider here updates and floor a.k.a. predecessor

> Adding ceiling a.k.a. successor trivial (by symmetry)

> As we will see, adding min / max trivial for considered data structures

~ Our following ideas also work as priority queues for integers!

> decreaseKey possible via delete(x) and insert(x’)

15



Tries

Integers are nothing but bit sequences ~» can use string data structures such as tries
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Tries

Integers are nothing but bit sequences ~» can use string data structures such as tries

~ use a binary trie
/ 1
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Tries

Integers are nothing but bit sequences ~» can use string data structures such as tries

/.\ ~> use a binary trie

0 1

/@/ \/-\ Two simple additions
0 1

0 1. Leaves doubly linked in sorted order 7
?/ 2. Each nonbinary node stores jumyp
1 0 @ pointer to extremal leaf in subtree

<

» if node is missing its left child,
jump is leftmost leaf in subtree
‘ “ » if node is missing right child,

(o C///j)

jump is rightmost leaf

110@
10@1
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Tries

Integers are nothing but bit sequences ~» can use string data structures such as tries

/\ ~~ use a binary trie

0 1

\/-\ Two simple additions
0 0 1 1. Leaves doubly linked in sorted order
( B, / > 2. Each nonbinary node stores jump

0

1 \ 0 pointer to extremal leaf in subtree
\ ( » if node is missing its left child,

l?/ S5 jump is leftmost leaf in subtree
» if node is missing right child,
e 5

jump is rightmost leaf

>

11eer
oot

> Additions are easy to maintain upon updates opsabions  O(w) G

» By traversing the trie an following pointers, we can implement successor/predecessor
queries
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Tries

Integers are nothing but bit sequences ~» can use string data structures such as tries

Sveer s ({)

[ORYON
<

.

~ use a binary trie

Two simple additions

1. Leaves doubly linked in sorted order

2. Each nonbinary node stores jump
pointer to extremal leaf in subtree

» if node is missing its left child,
jump is leftmost leaf in subtree

» if node is missing right child,
jump is rightmost leaf

> Additions are easy to maintain upon updates

» By traversing the trie an following pointers, we can implement successor/predecessor

queries

16



Binary Trie — Result

Theorem 5.6

A binary trie can store a subset S C [0..2“) of n numbers supports updates and predecessor /
successor queries all in O(w) time per operation for a set of w-bit integers, using O(nw) bits
of space. 1

L“L‘OSL‘L“ of &e /\ @fsh
L (-0) w
e /\5\ ) g
" < ¢ Y

YJAEN £ ) &
Y, IiEREER "
S I ——

Predbeaniay (29
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O Frud forgusl oo prefr bchnn 5 aud

0(w)
g [,sre\/ yég

@ Pl o jewp poiche and wmerbs s O01)
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5.5 x-Fast Tries
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Speeding up Lookup
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x-Fast Tries

(A_')J o cvi
Theorem 5.7

An x-fast trie can store a subset S C [0..2”) of n integers in a randomized data structure
supporting predecessor in O(lg w) worst case time and updates in O(w) amortized expected

time, using O(nw) words of space. /\ . .
15\ Tw
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5.6 y-Fast Tries
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“Indirection” a.k.a. Don’t Change Too Fast!
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y-Fast Tries

Theorem 5.8 (y-fast tries)

A y-fast trie can store a subset S C [0..2%) of 1 integers in a randomized data structure

supporting predecessor in O(lgw) time and updates in O(lgw) amortized
expected time, using O(ng) words of space. i

expeched
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Summary

Typical assumption: word size |[w = O(logn) |
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Summary

Typical assumption: word size [w = O(logn) |

Consequences: (under above assumption)

» Can maintain S C [0..2%) with the following operations in O(loglog 1) amortized
expected time

P> insert, delete, lookup
» predecessor, successor
> min, max

» decreaseKey, increaseKey
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5.7 Lower Bounds
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The Cell-Probe Model

» model of computation mostly useful for lower bounds
» memory arranged in words of size w

> only cost in model is number of words of memory “touched” (read or written)
(all computation for free!)

~ clearly, any word-RAM algorithm requires at least as much time as cell probes
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Two Classical Cell-Probe Bounds [1]

Theorem 5.9 (Fredman-Saks Dynamic Rank Bound)

Maintaining a dynamic set S C [0..u) of n integers in the cell-probe model with word size
w < 1g°(u) (for constant c) and either operations

(a) insert, delete, and rank; or

(b) insert, delete, and select

requires amortized Q(log 1 /loglog 1) cell probes per operation.
Q Fredman, Saks: The Cell Probe Complexity of Dynamic Data Structures, STOC 1989

Note: since n < u, lower bound of Q(log 1 /loglog 1) holds as well.
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A special case

General proof of Theorem 5.9 is technical, but let’s prove (substantially) weaker version

Theorem 5.10 (Fredman Dynamic Rank Bound for w = 1)

Maintaining a dynamic set S C [0..u) of n integers in the cell-probe model with word size

@and operations insert, delete, and rank requires Q(log u/log log 1) cell probes per
operation in the worst-case. -
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Two Classical Cell-Probe Bounds [2]

Theorem 5.11 (Predecessor Lower Bound)
Given a static set of S C [0..u) of n integers with ¢ = Ig u bits each, represented in a data

structure using S > n{ bits of space. Set a = 1g(S/n). Answering predecessor (a.k.a. floor)

queries costs Horby pre uambs

(-1 lg(£ lg (L
0| mind tog, (1), lg( gn) g(3) g(z)

a ’ lg(lgLn ~lg(§)), lg(lg(f)/lg(l%n))

cell probes on a word-RAM with word size w. <

E Patrascu, Thorup: Time-Space Trade-Offs for Predecessor Search, STOC 2006
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Two Classical Cell-Probe Bounds [2]

Theorem 5.11 (Predecessor Lower Bound)
Given a static set of S C [0..u) of n integers with ¢ = Ig u bits each, represented in a data

structure using S > n/ bits of space. Set a = Ig(5/n). Answering predecessor (a.k.a. floor)
queries costs

f=1
Qf minJ log, (1) , lg( agﬂ) b

cell probes on a word-RAM with word size w.

Remarks E Patrascu, Thorup: Time-Space Trade-Offs for Predecessor Search, STOC 2006

» Typical parameters:
> space usage S = 12" is @(n) words of space ~~ a =lglgn @@=l uo
> (xw=Igu

~ fusion trees optimal for huge w, i.e., when lgw = Q(/ignlglgn)

~+ y-fast tries optimal for moderate w, i.e., any w = O(polylog 1)

> last two terms less intuitive . .. -
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Fusion Trees — Overview Only
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Integer Dictionaries
Upper Bounds:
» Unsorted dictionary: dynamic perfect hashing does it!
> Sorted dictionary: plain old BBST almost optimal (gap not worth the hassle in practice)

Ign
Iglgn

fusion tree closes gap with O ( ) operations

> Predecessor only / priority queue: y-fast tries give O(lglg ) operations
seems to require randomization
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Integer Dictionaries
Upper Bounds:
» Unsorted dictionary: dynamic perfect hashing does it!
> Sorted dictionary: plain old BBST almost optimal (gap not worth the hassle in practice)

Ign
Iglgn

fusion tree closes gap with O ( ) operations

> Predecessor only / priority queue: y-fast tries give O(lglg ) operations
seems to require randomization

Lower Bounds:
> complicated results (skipped proofs), many-parameter trade-offs
» largely matching upper and lower bounds for predecessor and dynamic rank
> predecessor bound applies even to static case; needs to take space into account

» dynamic rank/select lower bound holds irrespective of space usage, exponentially
higher
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